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Abstract 

The BRS invariance of the electroweak gauge theory leads to relationships between ampli- 
tudes with external massive gauge bosons and amplitudes where some of these gauge bosons are 
replaced with their corresponding Nambu-Goldstone bosons. Unlike the equivalence theorem, 
these identities are exact at all energies. In this paper we discuss such identities which relate 
the process e + e~ — ► W + W~ to W^x^ an d X + X~ production. By using a general form-factor 
decomposition for e + e~ — > IU + TU~, e + e~ — > W and e + e~ — > x + X~ amplitudes, these 
identities are expressed as sum rules among scalar form factors. Because these sum rules may 
be applied order by order in perturbation theory, they provide a powerful test of higher order 
calculations. By using additional Ward-Takahashi identities we find that the various contribu- 
tions are divided into separately gauge-invariant subsets, the sum rules applying independently 
to each subset. After a general discussion of the application of the sum rules we consider the 
one-loop contributions of scalar-fermions in the Minimal Supersymmetric Standard Model as 
an illustration. 
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1 Introduction 



Particle physicists devote an enormous amount of time and energy to the calculation of loop effects 
in perturbation theory. The calculations can be formidable. Even when the analytical portion of 
the calculation is completely correct, the numerical evaluation of those expressions on a computer 
can lead to additional difficulties. For example, the numerical evaluation of loop integrals can be 
problematic in various kinematical regions. Of particular interest in this paper are the complications 
that arise when gauge cancellations take place between the various Feynman diagrams that contribute 
to an amplitude. A careless treatment of higher order effects or round-off errors can lead to numerical 
violations of the gauge cancellation. The magnitudes of these errors can grow with energy becoming 
very serious at higher energies. Hence, it is common for difficult calculations to be performed by 
two or more independent collaborations in the hope that the redundancy will allow errors to be 
eliminated. Any tools which allow the practitioner to check his or her own results independently of 
other calculations are thus of great value. In this paper we study one such tool, sum rules among 
form factors that follow from BRS symmetry. 

The standard electroweak theory after gauge fixing is invariant under a global BRSfiJ symmetry. 
As a result, amplitudes which include external massive gauge bosons may be related to amplitudes 
where some of those bosons are replaced with their Nambu-Goldstone counterparts. The identities 
may be derived formally by noting that the gauge fixing term is generated by the BRS transformation 
of the anti-ghost field c, 

{Qbrs,^} = d^ + iwmwx* , (1.1) 

where and x^ 1 are the MS operators for the weak gauge bosons and the corresponding Goldstone 
bosons, respectively, and and raw are the MS gauge-fixing parameter and the MS H^-boson mass, 
respectively. Then, from the condition that physical states are annihilated by the BRS charge, 

QBRslphys) = (phys|Q B Rs = , (1.2) 

we obtain the following identity 0: 

(out | (cW± + iwrhwx^ | in) = , (1.3) 

where | in) and | out) denote arbitrary incoming and outgoing physical states, respectively. 

The matrix elements which include an outgoing asymptotic state of an unphysical field may be 
expressed by 

(out|a w±out (£,£)|in) = -Z l ^ 2 Z m [ ^ ( T ^—) e ikx (n + ^ w m w ) (out|dW±(x)|in) ,(1.4) 

J ^/(27r) 3 2/c \Zwm w J v ' 

(outlay out(£)|m) = iZ^ f ^ e lkx (□ + i w m 2 w ) (out^^in) , (1.5) 

J ^(2n) 3 2k 

where a w ± out (k, S) and a x ± out (k) are the annihilation operators for the renormalized scalar W boson, 
Wf, and the renormalized Nambu-Goldstone boson, x^i respectively. The renormalized fields are 
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related to to the MS fields by g>H>+ = Z^d^W^ 1 and x+ = Z]/ 2 X ± - The physical mass of W 
bosons, mw, and the renormalized gauge-fixing parameter, are parametrized as rhw = Z m mw 
and £w — Zw£,w- From Eqns. (|1.3| ), ( |Q|) and (|1.5| ), we obtain 



(out|a w ± out (A;, ^lin) +iC mo d(out|a x ± out (A;)|in) =0, (1.6) 

where 

Cmod — Z^ 2 Z\V Z m • (1-7) 



The factor C mo d is unity at the tree level but receives corrections at higher-orders of perturbation 
theory. Hence, matrix elements where one external H^-boson has an unphysical scalar polarization 
are related to amplitudes where that same W^-boson is replaced by its corresponding Goldstone boson. 

One process of considerable physical interest is H^-boson pair production from fermion-pair an- 
nihilation. In the following sections we study relations between the helicity amplitudes for e+e - — > 
W + W~ and those for e+e~ —> W ± x T - 

M (e+e- -> Wp Wfj + iC mod M (e+e~ -> Wp x + ) = , (1.8a) 
M (e+e- -> Wg Wfj + iC mo d-M (e+e- -> x~ = . (1.8b) 

Here P denotes a physical H^-boson helicity while S denotes a scalar polarization. We will refer to 
these as 'single' BRS identities since they are obtained from the identity ( |1.6|) via a single insertion 



of the anti-commutator in Eqn. (1.1). We will also consider the 'double' BRS identity, 



M (e + e- -> W+ H/ 5 ") + zC mod A<(e+e- -> X ") 

+ iC mod M(e+e- -> x + Wg) - {C mod } 2 M(e+e- ->x + x~) = , (1.9) 

which is obtained by a double insertion of the anti-commutator. 

By using a general form-factor decomposition of the e+e~ — > VK + W - |]||, e+e - — > W T x ± an d 
e+e - — > x+x~ amplitudes the BRS identities of Eqns. ( |1.8a|) , (|1.8b| ) and ( |1.9| ) are expressed as sum 
rules among the form factors for the different processes. Since the BRS invariance of the scattering 
amplitudes is a nonperturbative property, the BRS sum rules hold at each order of the perturbative 
expansion. The BRS identity in the form of Eqn. (|1.6|) has already been employed at the tree level, for 
example, by the authors and users of HELAS|4]] and MadGraph|| for the evaluation of complicated 
tree-level amplitudes ||. We will extend this approach to one-loop calculations. Note that, while the 
equivalence theorem|| |S], IU is an approximation which is valid only in the high energy limit, our 



sum rules are exact relations at all energies. 

This paper is organized as follows. The form-factor decompositions of e+e~ — > W + W~, e + e~ — > 
W T x ± an d e+e" — > x + X~ amplitudes are given in Section p7T| , Section ^]2] and Section respec- 
tively. We then derive sum rules among the various form factors in Section |3|. Sections ^4. 1| and |4.2| 
present notation for the perturbative calculation of the form factors for H^-boson pair production 
and H^-boson Goldstone-boson associated production; these expressions will be utilized throughout 
the paper. Section |5] is devoted to a discussion of BRS invariance at the tree level. The discussion 
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is extended to the one-loop level in Section |6]. While we begin with a discussion of relationships be- 
tween full amplitudes, the many contributions are split into invariant subsets; each of these subsets 
corresponds to an additional Ward identity. We illustrate these points in Section ^ with a calculation 
of the one-loop contributions of an SU(2) doublet of scalar fermions (the squarks or sleptons of the 
Minimal Supersymmetric Standard Model). In the final section we present our conclusions. 

For clarity many of the detailed calculations have been relegated to the appendices. Scalar- 
fermion contributions to the gauge-boson propagators are given in Appendix The Wg and x ± 
propagator corrections form a gauge-invariant subset and decouple from the main discussion; this 
is shown in Appendix [B|. In Appendix |C| we present explicit calculations of the form factors at one 
loop, while many of the detailed calculations concerning the BRS sum rules at one loop are given in 
Appendix [D|. Finally, we present our decomposition of the rank-three three-point tensor integral to 
scalar integrals |TT| in Appendix [E]. 

2 Form-factor decompositions of the helicity amplitudes 



Eqns. ( |1.8a|) , (|1.8b|) and (|1.9|) present identities among amplitudes as derived from BRS symmetry. 



One of our goals is to rewrite these identities as sum rules among scalar form factors. Hence, in this 
section we present the most general form-factor decompositions of the various amplitudes, and we 
introduce important notation and terminology. 

2.1 e+e- -»• W+W~ 
The process 

e-(k,r) + e + (k } T) ^ W~(p, X) + W + (p,X) (2.1) 
is depicted in Fig.|I]. The four-momenta of the e~, e + , W~ and W + are k, k, p and p, respectively. 




Figure 1: The process e~e + — > W~W + with momentum and helicity assignments. The momenta k 
and k are incoming, but p and p are outgoing. The arrows on the iy-boson lines indicate the flow of 
negative electric charge. 

The helicity of the e~ (e + ) is given by |r (|t), and A (A) is the helicity of the W~ (W + ) boson. In 
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the limit of massless electrons only r = — r amplitudes survive, and the most general amplitude for 
this process may be written as pf 



16 

iixaj3 



M e - e +-,w-w+ (k, k, t; p, p, A, A) = J2 F iA s ^) Mb k,T)T? aP e a {jp, X)*ep(p, A)* , (2.2) 

where all dynamical information is contained in the scalar form-factors F ijT (s,t) with s = (k + k) 2 
and t = (k — p) 2 . The remaining factors on the right-hand side of Eqn. (|2.2j ) are purely kinematical; 
e a (p,X)* and €p(p, A)* are the polarization vectors for the W~ and W + bosons, respectively, and 
jn(k, k, t) is the massless electron current, 

Mb k, t) = v(k, -r)7 M w(A;, r) . (2.3) 

The summation over i merits further discussion. The tensors, Tf a ^ , have three independent 
Lorentz indices, and each Lorentz index may assume four values. Hence, one might expect that there 
are 4 3 = 64 independent form factors. One factor of four corresponds to the degrees of freedom for 
the W~ boson: three physical polarizations plus one unphysical degree of freedom. We refer to the 
physical polarizations as the transverse and longitudinal polarizations, and the unphysical degree of 
freedom is the scalar polarization. Likewise, for the W + boson there are three physical polarizations 
plus one unphysical scalar polarization. Finally, there are two ways to align plus two ways to anti- 
align the electron and positron helicities yielding the third factor of four. However, since we are 
working in the limit of massless electrons, we only need to consider the two helicity-aligned states, 
implying 32 independent form factors. We also find that one set of tensors may be used for both the 
left- and right-handed electron currents. Hence, the sum runs from i — 1 to 16, and each form factor 
carries a subscript r. 

The three physical polarization vectors are orthogonal to the momentum of the W boson, 

p^(p,\y = P^(p,\y = o, (2.4) 

and the scalar polarization is defined proportional to momentum vector by 

e»(p,Sy = ^—, e»(p,Sy = ^—, (2.5) 
m w m w 

where mw is the physical mass of the W boson. Hence the appearance of factors such as p a and pP 
in a tensor indicate that its associated form factor contributes only for unphysical amplitudes. 
Furthermore, factors of g M do not survive due to current conservation, and factors of /c M or k^ don't 
survive due to the Dirac equation for massless fermions, i.e. ljbu(k) = and v(k)f = 0. Then, the 
sixteen tensors may be chosen as 



Tf^ = P^9 a(3 , (2.6a) 

= ^P»q a q P, (2.6b) 
m w 
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where 



rpfia/3 




(2.6d) 


rpfia/3 
2 5 


= ie^ p P p , 


(2.6e) 




= -e^ p q p , 


(2.6f) 


rpfia/3 


— ~ ^ p^^Pp^n p 

— 2 fc Hp r a ? 


f9 fit/) 




= K p g ap + K a g^ , 


(2.6h) 


rpfj,af3 
9 


= \ ( K a e^ pa + K p e appa )q P a , 

V lip a j 

iit'W 


(2.6i) 


rpfj,a[3 
1 10 


= P a 9^, 


(2-6j) 


rpfia/3 
11 


Jr 5 


(2.6k) 


rpfia/3 
12 


= 1 e pPpa P n q n v a , 


(2.61) 


rppafi 

2 13 


= pV q , 


(2.6m) 


rpfj,a[3 
1 14 




(2.6n) 


rri(-LQj3 

J 15 


= -^e^P^/ , 


(2.6o) 


rpfj,af3 


1 

= — , 
w 


(2.6p) 




p = p — p , 


(2.7a) 




q = k + k = p +p , 


(2.7b) 




if = fc-fc, 


(2.7c) 



and e i23 = — e 0123 = +1. We explicitly use the physical W^-boson mass, m w , in the definition 
of the tensors; this choice will be important when discussing one-loop corrections. Tensors 
through Tg alS , which were listed in Ref. ||, are sufficient to describe all physical amplitudes. The 
first seven tensors are sufficient to describe the most general 'yWW and ZWW vertex functions |T5 



Tensors Tfo through contribute if the W~ boson has a scalar polarization, through 
contribute if the W + boson is unphysical, and T-fg is needed only when both W bosons have scalar 
polarizations. 



2.2 



e 1 e 



X + VK and e + e — > W + x 



Next we consider amplitudes for e + e — > W ± x T - See Figs. |](a) and 0(b). Our phase convention for 
the Goldstone bosons is that of Ref. |0| • We decompose the amplitudes as follows: 



> w - x +{k,k,r;p, p, A) 



i H ijT {s, t) j^(k, k, T)S? a e a (p, \y 



(2.8a) 
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Figure 2: The processes (a) e + e~ — ► W~x + and (b) e + e~ — ► x ^ + with momentum and helicity 
assignments chosen to coincide as closely as possible to those in Fig. [I]. The momenta fc and k 
are incoming, but p and p are outgoing. The arrows along the VT-boson and Goldstone-boson lines 
indicate the flow of negative electric charge. 
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M e - e +^ x - w +(k,k,T;p,p,X) = iY,H ijT (s,t)j fl (k,k,T)sfe l3 (p,\y. (2.8b) 

i=i 

There are four independent tensors, S!f a , corresponding to the four polarizations, three physical plus 
one scalar, of the W~ boson in W~x + production, and each form factor Hi jT (s,t) carries an index 
for the electron helicity, r. The tensors are given by 

Sr = m w g^ , (2.9a) 

Sr = —P^P a , (2.9b) 
m w 

S^ a = —e^P p q a , (2.9c) 
mw 

S^ a = —P»p a , (2.9d) 
mw 

where P M and g M are given by Eqns. ( |2.7p . The tensors Sf a through S^ a contribute to W~\ + 
production when the W~ has a physical polarization, while S% a contributes for the scalar polarization. 
A second set of four tensors is introduced for W + x~ production: 

Sf = Sf (• = 1,2,3), (2.10a) 

Sf = — ?y. (2.10b) 

mw 

S± through contribute for physical polarizations, and S± contributes for the scalar polarization 
of the W + boson. The corresponding form factors are given by H i<T (s,t). 

2.3 e + e~ -> x + X~ 

The process e + e _ — > x + X~ is shown in Fig. [| The corresponding amplitude may be decomposed as 
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Figure 3: The process e + e~ — ► x~X + with momentum and helicity assignments chosen to coincide as 
closely as possible to those in Fig. |l|. The momenta k and k are incoming, but p and p are outgoing. 
The arrows along the Goldstone-boson lines indicate the flow of negative electric charge. 

M(e + e~ -> X + X~) = P%{k,k,r)R T (s,t) . (2.11) 
Notice that there is only one form factor, R T (s,t), which carries an index for the electron helicity. 



3 Applications of BRS Symmetry 

Now that we have presented the form-factor decompositions for our diboson production amplitudes 
we can recast our single BRS identities of Eqns. (|1.8a|) and (|1.8b|) and our double BRS identity 



of Eqn. ( |1.9| ) as sum rules among the form factors. In this section we will also comment on the 
relationship between our exact sum rules and the equivalence theorem which only holds in the high- 
energy limit. 

Before we proceed it is convenient to present the relationships between the rank-three tensors, 
T i Ata/3 , the rank-two tensors, S^ a and S^ 13 , and the rank-one tensor, P M , which were used in the 
decompositions of e + e~ — ► W + W~, e + e~ — > x ± W T and e + e _ — > x + X~ amplitudes. In general we 
can write 

Tr P ep{p,SY = J2^(s,t)S^, (3.1a) 
Tr?e a (p,Sy = J2^(s,t)sf, (3.1b) 

and 

S? a e a {p,Sy = Vj P», (3.2a) 
Sfep(p,S)* = TjjP*. (3.2b) 

The coefficients ^ (s,t) and £y(s, £), which are dimensionless functions of the Mandelstam variables 
s and t, are given in Table [T]. In Table |2] we list the coefficients rjj and f)j. The expressions 



8 



i 




£i2 


£«3 


£i4 




i 




Si2 


Ci3 




1 




-1 




1 




i 




1 




1 


2 




2 7 2 




_4 7 2 




2 




-2 7 2 




-4 7 2 


3 


-2 7 2 


1/2 




-1 




3 


2 7 2 


-1/2 




-1 


4 


*2 7 2 


i/2 




— z 




4 


*2 7 2 


i/2 




i 


5 






-1/2 






5 






1/2 




6 






-i/2 






6 






-i/2 




7 

8 


45 2 




-r/2 






7 

8 


-A5 2 




r/2 




9 






25 2 






9 






-25 2 




10 








-1/2 
2 7 2 -2 




10 


1 








11 










11 




1 






12 












12 






1 




13 


1 










13 








1/2 
-2 7 2 + 2 


14 




1 








14 








15 






1 






15 










16 








1 




16 








1 



Table 1: The coefficients £ij(s,t) of Eqn. ( p.laj) and £y(s, t) of Eqn. (|3.1b ). Only nonzero values are 
shown. 



Vj 



3 = 1 

1/2 
-1/2 



=2(r r 
2( 7 2 - 



-1) 
1) 








Table 2: The coefficients rjj and of Eqns. ( |3.2a| ) and (|3.2b|) , respectively. 
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are used in the tables. 



3.1 'Single' BRS sum rules 

Because we frequently refer to the combinations of amplitudes which appear in the single BRS 
identities of Eqns. (|1.8a|) and ( |1.8b| ), it is convenient to define G itT and Gi )T by 



jn(k, k, T)G jjT Sf a e a (p, \y 



M(e + e 



WfW£)+tC mod M(e + e 



Wpx 



(3.4a) 



j^k,k,r)G ]tT Sfe^p,Xy = M{e + e~ -> WgW^) + i C mod M (e + e~ -> x~W+) . (3.4b) 

BRS symmetry then implies G iiT = Gi tT = 0. Next, we rewrite Eqn. ( |2.2| ) requiring that the W + 
boson has an unphysical scalar polarization and the W~ is physical. Employing the expansion of 
Eqn. fl3.1a| ) we obtain 



M(e + e 



WpW£) = £ fe&fo t)F hT (s, t) ) j,(k, k, r)S^e a (p, py 
j=i U=i J 



(3.5) 



where S% a does not contribute by Eqn. fl2.4|) . If we insert this expression along with the expansion of 
the e + e~ — > W~x + amplitude of Eqn. ( |2.8a| ) into Eqn. ( |1.8a| ), then we find the following sum rules: 



16 



G jiT (s,t) ='£,Fi jT (s,t)£ij(s,t) - C mod Hj^(s,t) = 



(3.6) 



i=l 



for j = 1, 2, 3. In a parallel fashion, if we rewrite Eqn. (2.2) for a physical W + boson and an 
unphysical W~ , then applying Eqn. ( |3.1b| ) yields 



3 r 16 _ ^ 

M(e + e~ -> WjW£) = £ £^(M)iVM) U(*, fc,r)5;%(p,P) a 

3=1 U=l J 

We insert this in Eqn. (|1.8b ) along with Eqn. (|2.8b ) to obtain 

16 _ 

GjA 8 >t) = E-MM^yfa*) - C mod H jtT (s,t) = , 



(3.7) 



(3.8) 



i=i 



for j = 1,2, 3. 

Inserting the coefficients £y as listed in Table [l] we write 

- 2 7 2 {F 3 , T (s, t) - i F 4 , T (s, t)} + A5 2 F 8>T (s, t) + F 13>T (s, t) - C mod H 1>T (s, t) 
-Fi jT (s, t) + 2 7 2 F 2>T (s, t) + -F 3)T (s, t) + l -F A)T {s, t) + F 14 , T (s, t) - C mod H 2iT {s, t) 

~F 5 , T ( S , *) ~ ^6,r(s, t) - ^iV(s, *) + 25 2 F 9iT (s, t) + Fi 5 , T (s, t) - C mod H 3>T (s, t) 



, (3.9a) 
, (3.9b) 
, (3.9c) 
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corresponding to Gi T = 0, G 2 ,t = and G 3 t = 0, respectively. Taking the - from Table ffl produces 



2 7 2 {F 3>T ( S , t) + % F 4>T (s, *)} - 4<5 2 F 8>T {s, t) + F 10jT (s, *) - C mod H 1>T (s, t) = , (3.10a) 
F 1)T (s, t) - 2 7 2 F 2)T (s, t) - 2 F 3,r(s, t) + ^F 4 , T (s, t) + F 11)T (s, t) - C mod H 2 , T {s, t) = , (3.10b) 
^F 5 , r (s, t) - ^F 6 , r (s, t) + ^F 8 , r (s, t) - 25 2 F 9 , T (s, t) + F 12;T (s, t) - C mod H 3 , T (s, t) = . (3.10c) 

corresponding to Gj jT = for j = 1, 2, 3. Note that the expression of these sum rules holds for 
each order of the perturbative expansion. Eqns. ( |3.9a| )-( |3T9"c|) , taking into account the two electron 



helicity states, are a set of six sum rules. Of the eighteen form factors that contribute to physical 
P^-boson pair production amplitudes, i.e. F\ T through -F 9r , all but the CP- violating F 7<T appear. 
(i*7 T only contributes to final states where both W bosons have the same transverse polarization, 
hence cannot contribute to these sum rules.) In order to test via Eqns. ( |3.9a| )-( |3.9cj ) the remaining 
sixteen, we must also retain F WtT through Fi2, T in the evaluation of the e + e~ — > W + W~ amplitudes. 
It is furthermore necessary to obtain H\ yT through H 3r from the independent evaluation of the 
e + e~ — > x + W~ amplitudes. The test is extremely powerful and hence worthy of the extra effort. 
Each form factor can have its own complicated dependence on s and t. Each can include a large 
number of loop diagrams. Yet when added together they satisfy the above sum rules. 

Eqns. ( p. 10a| )- (|3. lOcj ) yield an additional set of six sum rules which again test all of the physically 
relevant form factors except F 7tT . In this case we must retain -F 13jr through -F 15jT in the evaluation 
of the e + e~ — » W + W~ amplitudes while obtaining Hi >T through H 3 r from the evaluation of the 
e + e~ — > W + x~ amplitudes. As a practical matter, once one set of sum rules, either Eqns. ( p.9a|) -( ^9c|) 



or Eqns. ( |3.10a|) -( |3.10c|) , is used to verify the accuracy of a calculation, the other set is redundant. 
3.2 'Double' BRS Sum rules 



Next we rewrite Eqn. ( |2.2| ) requiring that both W bosons have unphysical scalar polarizations. Then 
we can use Eqn. ( p. lap followed by Eqn. ( |3.2a| ), or we can use Eqn. ( |3.1b| ) followed by Eqn. ( |3.2b| ) to 



obtain 

4 16 

M{e + e~ - W£Ws) = k, r) ]T £ F i;T (s, t)^(s, t) Vj 

3=1 i=l 
4 16 

= p%(k,kr)J2J2 F iAsMA^t)'nj- (3.ii) 

3=1 i=l 



Then, from Eqns. (|2.8a ) and ( |2.8b|) , we have 



M(e + e-^ X + Ws) = iP»j»{k~k,T)Y. H i,TMVi, (3.12a) 

3 

M{e + e-^W£ X ~) = *P^(fc, M E #,,tM) % . (3.12b) 
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Incorporating the expansion of the e + e — > x + x amplitude in Eqn. ( 2.11 ), the double BRS identity 
of Eqn. dl.9|) becomes 



16 4 4 

Fi, T (s, t)£ij(s, t)r)j - C mod H jjT (s, t)r)j - C mod ^ H j<T (s, t)fjj - {C mo d} 2 R T {s, t) = , (3.13a) 
i=i j=i j=i 

16 4 4 

5^ Fi,T(s, O^J - Cmod H jA S ' tfVj ~ C mod H jA S i f )Vj ~ {Cmod} 2 Rr(s, t) = . (3.13b) 

8=1 j = l j = l 

3.3 Relationship to the equivalence theorem 

Here, we would like to comment on the relationship between the BRS sum rules and the equivalence 
theorem]!, || [10| . The theorem states that the amplitudes for a process with longitudinally polarized 
gauge bosons Wf; are equivalent at energies where s 3> rriyy to those of the process in which the 
bosons are replaced by their corresponding Goldstone bosons. The theorem follows from BRS 
symmetry and the equivalence of the longitudinal and scalar polarization vectors at high energies. 
Consider H^-boson pair production in the center of momentum frame with the W~ boson momentum 
along the positive z axis. In this frame the longitudinal and scalar polarization vectors are given by 

e"(p,0r = 7(ft0,0,l) , (3.14a) 

e^S)* = 7(1,0,0,0), (3.14b) 

e M (p,0r = 7(0,0,0,-1) , (3.14c) 



e^(p,sy = 7(1,0,0,-/3) . (3.14d) 

Thus for energies large compared to the IF-boson mass we have 

e"(p,0)* = e»(p,Sy(l + 0(m w /^)) , (3.15a) 

e "(p,0)* = e»(j>,Sy(l + 0(m w /yG)). (3.15b) 

Hence we may rewrite the 'single' BRS identities of Eqns. (|1.8a ) and ( 1.8bp to find 



M(e+e- ->W£W+) = -iC mod M(e + e- ^W L X + ) (l + 0{m w /^)) , (3.16a) 

M(e + e- - W£ Wf) = -tC mod M(e + e - - x ~ W+) (l + 0(m w /Vs)) , (3.16b) 
while, for the double BRS identity of Eqn. ( |1.9| ), we obtain 
M(e + e- - W+WE)+tC mod M(e + e- - W+ X ~) 

+ tC mod M(e + e- ^ X + WE) = {C mod } 2 M(e + e- ^ X + X ) (l + 0(m w /^)) .(3.17) 
Inserting Eqns. ( |3.16a| ) and ( |3.16b| ) into Eqn. (|3.17|) , we obtain 

M(e+e- ^WEW+) = {-tC mod } 2 M(e + e - - X X + ) (l + O (m w /yft)) . (3.18) 

Although the equivalence theorem has often been used to check the consistency of various calculations 
(for example, see Ref. fll8f), it is valid only in the high-energy limit. On the other hand, our BRS 
sum rules hold exactly at all energies. Therefore, where perturbation theory is applicable, BRS sum 
rules are a more powerful tool. 
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4 Calculation of the form factors in perturbation theory 



In later sections we will present detailed one-loop calculations concerning e + e~ — > W + W~ and 
e + e~ — > W^x T amplitudes. We will then check the calculation by using the BRS sum rules. Hence, 
in this section we present a discussion of the related form factors. 

It is extremely important that we avoid any inconsistent treatment of higher order effects. Because 
we want to employ the physical VF-boson mass we choose my/ as one of our input parameters. We 
also choose e and s, the MS parameters of the electric coupling constant and sine of the Weinberg 
angle, respectively. These three parameters are consistently employed in the evaluation of all loop 
integrals and form factors. The MS weak coupling constants g and gz are related to e and s by 



1 



s 2 , e 



gs = g z sc 



The MS masses of the massive gauge bosons are defined in terms of e, s and mw by 



m 



w 



m 2 z 



m 2 w + n 



WW, 



m 



w) i 



rn 



w 



T 2 ^ 



m 2 w + n 



WW, 



rn 



w 



c c 

and the physical mass of the Z boson is obtained (at the one-loop level) by 



c c 



m w) - n T 



zz 



m 



rn 



w 



+ A 



(4.1) 

(4.2) 
(4.3) 

(4.4) 



where the contributions of the two-point functions are represented by A. Finally, when m\ appears 
in the denominator we perform an expansion and truncate after the term which is linear in A as 



1 



1 



(™ 2 w/c 2 ) 



1 + 



A 



m w /c 2 



(4.5) 



In Ref. [fL6| , we will demonstrate that, by following this scheme, we are able to satisfy the BRS sum 
rules to the limit of floating-point prescription. 



4.1 e+e- -»• W+W- 

The form factors F itT (s,t) which were introduced in Eqn. ( |2.2| ) may be written as 



+ 



9 



g e (i-n^( s ) + r 1 e ( s ))+T e 3 r 2 e ( s 

A 



s - (m^/c 2 ) 

+ r 4 e (s 



(Tt-s 2 Q e ) 1 



s - mly/c 2 



/7 (0) + a/7 (1) ( S )] 

- n|J( s ) + Yt{s)) + r e 3 (c 2 r 2 e ( s ) + r 3 e (. 



fi m + <fi-?Qe)fr x) (s) - 



3 s2^, \ rZ(l). 



QeC 2 ff {0) + {T!-^Q e )f t 



3 i? n \ f -y(0) 



+ 



2t 



f t(0) +T e»W {t) + r" W (t)]+ Fl B T °* ] ( S ,t) , 



(4.6) 
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where the electric charge and the third component of weak isospin of the electron are given by 
Q e = — 1 and T e 3 , respectively. For left-handed electrons T 3 = — |, and T 3 = for right-handed 
electrons. We have already expanded the Z-boson propagator according to Eqn. ( |4.5|) . The other 
factors in Eqn. ( |4.6| ) are explained in the text below. 

The tree-level e + e~ — > W + W~ Feynman diagrams are shown in Fig. |j. Neglecting loop contribu- 




Figure 4: Tree-level Feynman diagrams for e + e — > W + W . The arrows on the W-boson lines 
indicate the flow of negative electric charge 

tions the poles in 1/s, 1/ (s — m z ) and 1/t in Eqn. (|4.6p correspond to the s-channel photon exchange, 
s-channel Z-boson exchange and t-channel neutrino exchange graphs, respectively. The appearance 
of the Ely 7 term indicates 7 — Z mixing in the neutral current (NC) sector. In general we define 



nj^( g 2 )= T (g 1 {mvs \ (4.7) 



which reduces to a derivative in the limit rriy 3 q 2 . Such an expression appears naturally when 
expanding a full propagator about the pole in the transverse part of the one-particle irreducible 
propagator function. 

Our Feynman rules for the WlVj and WWZ vertices are written as 



16 16 

ieJ2f?Tr fi and - zg z c 2 £ ff Tj^ , (4. 

i=i i=i 



respectively. This introduces the vertex form factors f? and ff. The t-channel term is also expanded 
in the same T/ 1 "^ tensors^ yielding the form factors /*. In turn each of these form factors is split into 
its tree-level value plus a one-loop correction as 

fr = fr (&) +fr (l \ ^ 

where V — 7 and Z. The nonzero tree-level values are given in Table 131. Please note that Tg 1 "^ and 



1 When casting the SM tree- level amplitude in the form of Eqn. (4.6) we encountered a tensor Tyf^ = 
i e i- ia PPKp that contributes when the fermion current is left-handed. An explicit calculation showed that 
jfj,(k, k, t)Ti"^ e a (p, \)*ep(p, A)* = rj ll (k, k,T)T^ a ^ e a {p, A)* ep(p, A)* for all polarization choices, and hence it may 



be eliminated in lieu of . 
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p (0) 


i 
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-1 


1 


rZ (0) 


i 


2 




-1 


1 




i 


2 


1 1 


-2 


2 



Table 3: Explicit values for the f- 
are shown. 



X(0) 



form factors of the SM at the tree level. Only nonzero values 



Tg a ^ are precluded from contributing to the vector-boson vertex functions by angular momentum 
considerations |12|. One-loop corrections to the WW'y vertex are then contained in the /7 along 
with the Z factors for the external W bosons, Z^ 2 , which multiply the corresponding fi^\ Similarly, 

1/2 

one-loop corrections to the WW Z vertex along with the factors that multiply the tree-level 
WWZ vertex are contained in the . The vertex functions for the Vee vertex, denoted by , 
Tf , T| and T| also appear in e + e~ — > // amplitudes [17]; the corrections from the external electron 



two-point functions are absorbed into T\. The vertex functions T evW and T euW appear in charged 
current processes; they contain veW vertex corrections as well as two-point function corrections for 



the external electrons and W bosons and the internal neutrino propagator. Finally, the F- T 
account for contributions of box diagrams. 



[Box] 



terms 



4.2 e + e — »■ x + W and e + e — > W + x 

We are not interested, per se, in the form factors H ijT (s, t) of Eqn. (|2.8a|) and H i T (s, t) of Eqn. ( |2.8b| ). 

Rather we are interested in C mo dHi, T (s,t) which is the expression that appears in the sum rules. 
Because Z^ 2 Z^f 2 = 1, Eqn. ( |1.7[ ) simplifies to 



a 



mod 



m w 
mw 



(4.10) 



Then we may compactly write 

Q 



(— ) e 

CmodH i T (s,t) = 

s 



mi 



w 



+ 



s - m? w /c 



p.2 



l < s-mfy/c 2 



u z T z z (s) + r 1 e ( s )j +t*(c 2 t c 2 (s) + rs{ 8 



( 7 )z (°) 



(-) 



tit w + w-?Q.yKf ll \s)- 



(-> 



W-?QeYti7®+QeFh't 



(4.H) 

At the tree level there are two Feynman graphs as shown in Fig. ^ in the limit of massless electrons 
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Figure 5: Tree-level Feynman diagrams contributing to e + e~ — > W~x + ■ The arrows on the charged 
bosons indicate the flow of negative electric charge. By reversing the direction of these arrows we 
obtain the graphs for e + e~ — > W + x~ ■ 



there is no t-channel graph. The discussion of the hatted couplings, the pole mass and the two- 
point function corrections follow those of the previous section. The expansion of Hi >T (s, t) introduces 



the vertex form factors hj and hf , while the expansion of H ir (s,t) introduces h- and h i . The 
corresponding VW T x ± vertices are then expressed as 



/to 



i=l 



i=l 



hi S { , 

i=i 



g z c 2 h i S[ 



(4.12) 



i=l 



We use the physical mass in defining our tensors while the VW X* coupling depends explicitly 
on rhw- As before, the vertex form factors are written as the sum of the tree- level and one-loop 
contributions by 

(-1.. 

(4.13) 



( hY(s) 



( 7'v(o) m w . ( 7V(1) 
n i h h i , 



raw 



for V — 7, Z. This explains the appearance of one power of the ratio of the MS W^-boson mass 
to the physical mass multiplying the leading-order term. The other power comes from C mo d as in 

Eqn. ft4.10|) . The tree-level form-factor coefficients may be found in Table f|. The contain 
not only vertex corrections for the VWx vertices but also the correction factors for the external W 
bosons. 





12 3 4 


hl {0) 
hf® 


1 

-s 2 /c 2 





12 3 4 


hf i0) 


-1 

s 2 /c 2 



Table 4: Explicit values for the nonzero h^^ and hj^ form factors of the SM at the tree level. 
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5 BRS Sum Rules at the tree level 



Before we embark on the study of the BRS sum rules at the loop level it is instructive to first study 
them at the tree level. We first consider the sum rule in Eqn. ( p.lOaj ). We obtain the tree-level 
form factors from Eqns. (|4.6| ) and ( [4.1 1|) by retaining only the Born term and setting mz = rhz and 
m w = rh w . Then, 



\ s s-m% 2t 

Q e e 2 (T* - s 2 Q e )g 2 c 2 Tffi 
s s — m 7 It 



Q e e 2 {Tl - s 2 Q e )g 2 s 2 



771: 



(5.1) 



Reading from left to right the four terms correspond to the contributions of F 3jT , F 8jT , F WtT and H\ T \ 
F 4 t also contributes but is identically zero at the tree-level. See Table |[ Regrouping the terms by 
electron quantum numbers yields 



G\. 



1 

s s 



771: 



1 

s s 



1 



777: 



+ 



1 1 
- + 

S S 



rh% c 2 



+ T?g 2 |(4 7 2 -45 2 -2)i 



AY 



s 

1 - T7T 



1 



c 2/ s 



rrtr. 



(5.2) 



The coefficient of the pole in 1/t comes entirely from the neutrino-exchange diagram in P^-boson 
pair production. We notice that — 4 7 2 + 45 2 + 2 = 2t/m 2 Vl and hence the dependence on t cancels 
between the various VT-pair contributions. After some simplification we find 



Gi, T = -{Q e e 2 -T*g 2 } 



c z m z z - m z w 
&ihw{s - rh 2 z ) ' 



(5.3) 



which vanishes because the tree level (or MS) couplings and masses satisfy 



rn 



w 



-2-2 

c m 7 



(5.4) 



The necessity of retaining the tree-level relation of Eqn. (|5.4| ) when testing BRS invariance at the 
tree-level has been noted by the authors of the HELAS j|] Fortran routines, and it is built into the 
default HELAS parameter set. It is instructive to note that, in models with nondoublet, nonsinglet 
vacuum expectation values both Eqn. (|5.4j) and the Goldstone-boson couplings are modified such 
that the BRS identities remain valid. 

We could repeat this exercise for Gi jT to obtain at each stage, up to the overall sign, exactly the 



same result. The other sum rules are trivial at the tree level. Since J2fi £i2 = J2ft KU '£ 



and 



h 



V(0) 



;2 



G2,r 



G2,t 

Gb,- 





0, the coefficients of the s, s — m 2 z and t poles are separately zero, hence 

- G 3>+ = since every term is identically zero, while 
0. See Tables 111— 



0. We most easily obtain G 3 



follows because /, 



i(0) 



t(0) 
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6 BRS Sum Rules at the one-loop level 



The BRS invariance of the Lagrangian is a general result. Hence it may be applied order by order 
in perturbation theory. While already useful at the tree level, we are interested in applying BRS 
sum rules to one-loop calculations. We will find that our ensuing discussions are facilitated if we 
subdivide our form factors and sum rules according to the type of diagrams which contribute. In 
some cases this division is a mere convenience which allows us to break large expressions into smaller 
ones. But, in other cases, we find that the contributions are naturally divided into BRS-invariant 
subsets. 

We begin by writing the form factors at the one-loop level for W^-boson pair production in the 
following form: 

p _ p [Born] p [NC] p [ 7 ,VTX] p [Z,VTX] p [W P ] p \W g ,X\ , p[«V] , r ? \veW\ p [Box] fR ^ 

r i,T — r i, T i r i,r *i r i, T ' r i,r i" r i,r ' r i,r ' r i,r ' r i,r ' r i,r i l u '-U 

where FP orn ' contains all of the terms which remain when we drop the two- and three-point function 
corrections and box terms. It looks like the tree-level expression except the internal propagators are 
expressed in terms of the physical masses. The two-point-function corrections for the neutral-current 
s-channel contributions are in F-^ . We have combined the three-point loop corrections with the 

iy-boson wave-function renormalization factors to obtain the form factors; this yields a finite 

result when the W bosons are physical. While this approach is ideal for the calculation of the physical 
amplitudes, here we find it more convenient to separate the vertex and external corrections. The 
former are included in i^ VTX] and f} z t > vtx] while the latter are in F™. Corrections for the external 

unphysical W bosons and Goldstone bosons are the sole contributers to Fj^ s . Finally, the rf, T%, 

Tg and Y e A terms are combined in F- e ^ V \ the T ueW and Y ueW terms comprise f\ u ^ W \ and the box 

terms form F-^°*\ We perform a parallel decomposition of the form factors for W ± x T production as 

(-) ( -)[Born] ( _ } [NC] ( _)[7,VTX] ( _)[Z,VTX] ( _ } [W P ] ( ^ } [W s ,x] ( _)[eeV] ( _,[Box] 

Hi, T = H i>T + H iT + H ir + H iiT + H ir + H iT + H iT + H i>T ■ (6.2a) 

Note that there is no h\ u ^ w ^ term. In a natural way we can then rewrite the single BRS sum rules 
of Eqns. (Q and Q as 

X v i=l ' X 



Gj,t = E E e ijFg ] - Cmod H j.T = E G hT = , (6.3) 



where [X] generically denotes any of the contributions discussed above. Now we may proceed by 
considering terms of the form G^} and G* T one at a time. 

We first consider the contributions of wave-function renormalization factors for the physical W 
bosons. These factors merely multiply the purely tree-level amplitudes. We have already shown the 
BRS invariance of the purely tree-level amplitudes, and hence we know that 

C - 3 [W>] 

G v = 0. (6.4a) 
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This is actually unfortunate because it means that, since this type of correction only changes the 
overall normalization, our BRS sum rules do not test the correction factors for the physical W bosons. 



By virtue of the Ward-Takahashi identities for the two-point functions of the unphysical bosons fll3|, 
U WsWs (q 2 ) + iTl xWs (q 2 ) + tU Wsx (q 2 ) - Tl xx (q 2 ) = , (6.5) 

we can show that 

G hT = 0. (6.6) 

The explicit proof of Eqn. ( |6.6p is given in Appendix |B[ This time we have found a welcome 
simplification. Our main interest is to test the physically relevant form factors, Fi tT (s,t) through 
Fg, T (s, t). The contributions from the unphysical two-point functions form a set which independently 
satisfies the BRS sum rules. Hence we can, for all practical purposes, neglect these contributions. 
Next we will show that 

( _)[Bam] ( _)[NC] ( _)[ 7 ,VTX] ^[Z.VTX] 

G hT +G hT +G hT +GV =0. (6.7) 

For clarity of presentation we will focus on Gi )T , but we can easily extend the discussion to the other 
sum rules as well. The Born term looks similar to the purely tree-level results, but there are a few 
differences. First, the Z-boson mass in the Z-boson propagator is the physical mass which must be 
calculated from the input parameters, rh w , e and s. The Z-boson propagator must then be expressed 

in A as in Eqn. ( |4.4| ) Second, a factor of m^/m^ multiplies the Born term in the Hi, T form factors 



(see Eqn. (|4.11| )). Hence, 

WBorn] _ ge^ ^ f7 (0) , (?| ~ S 2 Q e )g 2 n A ^ (Q) T e 3 g 2 ^^( 0) 

v " s \ U + s-(m 2 w /c 2 ) [L + a + 2t^ h 

Q e e 2 m 2 w _ { m^ L + A (T 3 - s 2 Q e )g 2 s 2 

s m%? mlv s-mly/c 2 s-(m 2 v /c 2 ) c 2 
Q e e 2 s-m 2 w (T?-s 2 Q e )g 2 s-m 2 w A , Tig 2 



s m 2 w s-(m 2 w /c 2 ) m 2 w s-m 2 w /c 2 m\ 



w 



Q e e 2 m 2 w ( m 2 w A (T 3 - s 2 Q e )g 2 s 2 



s mly mly s — mly /c 2 s — / c 2 c 2 
With some rearrangement we are able to write the results as 

G?;" ] = g^nr ("4) + ,f • " 8 '|°5 {v? w (™> w ) - nfW?l} ■ (6-9) 

The calculation of NC contributions is straightforward and leads to 

gZ c] = -H-{W{8) + ^ip t z (s)\ - (r * "f y l \u z T z (s) - nfVyg 2 ) + ■ 

srriyy I s J (s — m^/cjm^Y I c J 

(6.10) 
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To obtain Eqn. (6/7) we must now turn our attention to the vertex corrections. Our task is made 
much simpler by considering the following Ward identities fli"3|, [Hfl : 



VX'Z™ (s, p, p) + im w r^ w (s, p, p) 



Pa^S W {s,p,p) + im w T z ^ w (s,p,p) 



ny (p) - n^(ff) + 



zz, 



H/3 



(6.11a) 
(6.11b) 



From here we may determine 

7,[7,vtx] Q e e 2 



sm 



-^T W (m 2 w ) + lip (a) - ~nf (a) 



WZ.VTX] 



(r e 3 - gQjggl 

(s - m^/c 2 )m^ 



-n 



WW, 



m 



+ n 



zz 

T 



s) - ( S ) 
c 



(6.12a) 
(6.12b) 



We may sum G[ B ° rn ', G^\ G^ VTX ^ and G^ VTX ' by inspection. The Hf z (m^/c 2 ) terms cancel 

between Gf T ° m ' and while the l\^ w {m^) terms cancel between Gf°™\ G^ VTX ^ and G^ VTX '. 

The remaining terms cancel between the NC and vertex contributions. This completes the proof of 
Eqn. ( |6.7|) . The case for Gj yT in Eqn. ( |6.7|) can be verified by a similar argument. 
There are only three remaining terms in Eqn. (|6.3| ) for which we may infer 



G [eeV1 + G [ueW] + G [Box] 



. 



(6.13) 



This concludes the discussion for Gi T . 

The discussion for G\, T may be applied to G\ }T up to the overall sign. For G^.tj Gi,ti G?,, t and Gs iT , 
the discussion further simplifies since the NC and Born contributions drop out; see the comments 
in the last paragraph of Section |^. We may summarize these results by splitting the twelve BRS 



identities of Eqns. ( |3.6| ) and ( |3.8| ) into the following forty-eight invariant subsets: 

= (t- = o, 



G 
G 



[W s ,x\ W^s,x] 



(6.14a) 
(6.14b) 



WBorn] ~[NC] . ^[7,VTX] ^[Z.VTX] 



G?r ] + Gf T C1 + G!- VTX] + Gf; VTX1 = , (6.14c) 



WeeV] W^eW] ^[Box] 



[eeV] -^ueW] WBox] 



. (6.14d) 
The twenty-four sum rules in Eqns. (|6.14cj) and (|6 . 1 4cl|) are useful for testing physical amplitudes. 



7 Scalar- fermion contributions at one loop 

So far we have been quite general in the presentation and discussion of the BRS sum rules. In this 
section we will discuss a concrete example. In general it is our goal to use BRS sum rules to aid 
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in difficult calculations. For example, in a series of papers|16| we are studying the complete one- 
loop contributions of the Minimal Supersymmetric Standard Model (MSSM). That is a large and 
complex calculation, so BRS sum rules will provide a valuable test of the results. In this section, for 
the purpose of illustration, we will discuss a much simpler problem, the contributions of an SU(2)i 
doublet of scalar fermions, (ul, g?l) t , and their right-handed singlet counterparts, ur and cIr, to the 
e + e~ — > W + W~ sum rules. For simplicity left-right mixing is neglected. 

Scalar-fermion corrections enter through corrections to the gauge-boson propagators as shown in 
Fig. || The explicit formulae for the two-point-function corrections are given in Appendix [A]. As 

(a) £ (b) ,>s r 



Figure 6: Contributions of scalar fermions to the gauge-boson two-point functions. Both left- and 
right-handed scalar fermions contribute to II 77 , IP Z and U zz while only the left-handed states may 
contribute to n ww/ . 

demonstrated in the previous section, we can neglect two-point-function corrections for the external 
particles. Appendix || discusses the propagator corrections for the external Ws and x bosons which 
form a closed BRS-invariant subset. Corrections for external physical W bosons are required to get 
the correct answer for physical amplitudes, but such corrections only change the overall normalization 
and cannot be verified by these methods. 

There are two categories of WWV vertex corrections. The first type, which we shall call scalar- 
fermion triangle (SFT) diagrams, are shown in Fig. |7|. These diagrams contribute to the and 



(a) Ulv^KL (b) d L v^ a 
^ 1 ~ ^ \ ~ 

v ^ T aL v > ■ L 

u l W p d L Wp 



Figure 7: Scalar-fermion triangle-type (SFT) one-loop corrections to the WW'j and WWZ vertices. 
Because of the coupling to a W boson, only the left-handed scalar fermions contribute. The arrows 
on the iy-boson lines indicate the flow of negative electric charge. 

ff^ form factors of Eqn. (|4.6|) through the terms fi^ SFT and ff^ SFT , respectively. Explicit 
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formulae are given in Appendix 0. The other type of vertex corrections employ one scalar- fermion 
seagull (SFSG) vertex and one three-point vertex. They are shown in Fig. |[ They too contribute to 



(a) 

✓ \ 



(b) 



Figure 8: Graphs with scalar-fermion seagull (SFSG) vertices that contribute to WWj and WW Z 
vertex corrections. Because of the coupling to a W boson, only the left-handed scalar fermions 
contribute. The arrows on the P^-boson lines indicate the flow of negative electric charge. 

the // and ff form factors of Eqn. ( |4.6| ), and we parameterize their contributions by yT'( 1 ) SFSG 
and j i z ( 1 ) SFSG The explicit expressions are contained in Appendix [C]. Since the two-point-function 
corrections are treated separately we write 

jV{i) = ^v(i)Sft + ^v(i)sfsg ^ 71 s 

for V — 7, Z. There are neither boxes nor t-channel vertex corrections that contain only scalar 
fermions but no other non-SM particles in the loop. 

Next we turn to the calculation of the amplitudes where one W boson is replaced by a Goldstone 
boson. The propagator corrections were already discussed above. The triangle-type graphs are shown 
in Fig. [|. The Feynman diagrams in Fig. ||(a) and (b) contribute to the hj and hf form factors 



(a) _ (b) _ (c) _ (d) _ 

u l d L v^.^ u l d L - 

x/x/x/xx ^ A d T v/wnx ' u T v^^v< ' A d T v/\/\/\>< ' y u T 
u L d L u L d L 



Figure 9: Scalar-fermion triangle-type (SFT) Feynman diagrams. Diagrams (a) and (b) contribute 
to W~x + production while (c) and (d) contribute to W + x~ production. The arrows on the W-boson 
and Goldstone-boson lines indicate the flow of negative electric charge. 

of Eqn. ( |4.11| ) while those in Fig. ^|(c) and (d) contribute to TiJ^ and hf . To distinguish these 
contributions from those of the other graphs we use the notation / l j( 1 ) SFTcdtes ; hf^ SFT , 7iJ^ SFT 



and h i . There are also seagull-type diagrams as shown in Fig. jTUJ. Fig. |TrJ(a) contributes to 
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(a) (b) 
G L Y Ad L G L v Ad L 

- — - — + ^vwoww<v 



Figure 10: Scalar-fermion seagull-type (SFSG) Feynman diagrams. Diagram (a) contributes to 
W~x + production while diagram (b) contributes to W + x~ production. The arrows on the VT-boson 
and Goldstone-boson lines indicate the flow of negative electric charge. 



^7(1) sfsg anc j ^z(i)sfsg w j 1 jj_ e pjg_ ^(b) contributes to J{J^ SFSG anc } 1 SFSG xhen, 

^(1) = ^(l)SFT + / V(l) S FSG ; {72a) 

hj {1) = hJ il)SFT + hJ (1)SFSG . (7.2b) 

There are neither boxes nor t-channel vertex-correction diagrams which need to be considered. 

We are now ready to study the BRS sum rules among the above loop contributions. For simplicity 
we focus on the two sum rules given by G\ >T = 0. The contributions from the WW'j and W\1 vertices 
enter as 

7,[7,VTX] _ ^7: F [ 7 ,VTX] n TrbsVTX] 
i 

s % 



sm 



{ - n™ w (m 2 w ) + n?7( s ) + |nf (,)} , (7.3) 



while the contributions of the WW Z and W\Z vertices are given by 

WZ, VTX] \ 7 F [Z,VTX] n Tr[Z,VTX] 



s — ?7%/er cr 
(T e 3 -S 2 Q e )^ 2 f 



(s - m^/c^mfy 



{ - n^V^) + nf *(,) + |nf («)} . (7.4) 



The last line in Eqn. ( [7.31) and the last line in Eqn. (|7.4j ) are obtained by explicit calculation; see 
Appendix |B|. At this point we observe that we have reproduced Eqns. ( p.!2a ) and ( |6.12b|) . Hence, 
we can straightforwardly adopt the results of Section [| and conclude 

Gf T ornl + Gf r C] + TX1 + G[ Z ; VTX] = . (7.5) 
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The cancellation of many three-point functions against a few two-point functions in this weighted 
sum provides an excellent test of our analytic and numerical calculations. In general the relation 
Gi,t — tests six of the form factors that contribute to physical processes. They are F 3jT , F 4jT 
and i*8 )T for both electron helicities; see Eqn. ( BTTUa ). In this particular calculation F^ T = by 



CP invariance, and there is no one-loop contribution to F S)T where the scalar fermions are the only 
non-SM particles to contribute. 

For G 2 , T the Born and NC contributions drop out trivially. The only nontrivial piece is a relation 

between the ^ and ^ given by 

E^ 2 /7 (1) -^ (1) = 0, (7.6a) 

i 

E^ (1) + ^? (1) = 0, (7.6b) 

i C 

which reduces to the following identity among three-point functions: 

2 2 

C i (p 1 ,p 2 ,m v m 2 ,m 1 )€ i2 c 2 (pi,p 2 , m x , m 2 , mj = , (7.7) 

where the Cf F and cf F are linear combinations of three-point integral functions given in Appendix |CJ. 
In general the sum rules G 2)T = test four physical form factors, F 2>T , F 3t and F 4r ; see 

Eqn. fl3.10b|) . In this example F 4r = by CP invariance. 

Up to the overall normalization G^, T reduces to the tree-level result. This is because F 5r and 
Fq t do not receive contributions from the scalar-fermion loops, and there is no one-loop contribution 
to F 8jT and F 9 t where scalar fermions are the only non-SM particles to contribute. This concludes 
our analytical demonstration for all six Gi tT = sum rules. Employing the scheme outlined at the 
beginning of Section ^ we have successfully verified the sum rules numerically to sixteen decimal 
places with a Fortran program written in double precision. The remaining sum rules, G, l T = 0, are 
verified similarly. However, since all of the physical form factors that receive one-loop scalar-fermion 
corrections (that are not purely a change in the overall normalization) have already been tested by 
Gi ]T = and G 2 ,t = 0, there is no need to additionally verify that G i<T = 0. 



8 Conclusions 

In this paper we have systematically studied sum rules which follow from BRS invariance and can 
be used to test form factors for the process e + e~ — > W + W~ . The BRS invariance of the quantum 
gauge field theory leads to identities among amplitudes involving W bosons and amplitudes where 
some of those W bosons have been replaced by their associated Nambu-Goldstone bosons. We have 
employed the most general form-factor decompositions of the e + e~ — > W + W~ , e + e~ — * x ± M^ =F 
and e + e~ — > x + X~ amplitudes to rewrite the identities among matrix elements as sum rules among 
form factors. The sum rules may be applied order by order in perturbation theory, and hence they 
may be used to verify the correctness of perturbative calculations. We have provided a thorough 
discussion at the tree and one-loop levels. There are eighteen form factors which contribute to 
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physical e + e~ — *> W + W~ amplitudes, but additional form factors for unphysical e + e~ — *> W + W~ 
amplitudes and e + e~ — > x ± W T amplitudes must also be calculated in order to apply the 'single' 
BRS sum rules. We conclude that sixteen of the eighteen physical form factors may be tested by our 
sum rules. Two CP-odd form factors, Fj^ + and i*V,-, decouple from all of the sum rules. 

We have explored the relationship between the BRS identities and the Goldstone-boson equiva- 
lence theorem. While the equivalence theorem may be used to check calculations it is valid only in 
the high-energy limit. On the other hand, the BRS sum rules are exact at all energies. It is hence 
clear that, of the two techniques, the BRS sum rules provide a far more powerful tool for testing 
perturbative calculations. We also note that, because they test directly the full scattering amplitudes 
that contribute to cross sections, the BRS sum rules are more convenient for testing both analytic 
and numerical results than are the Ward-Takahashi identities among Green's functions. 

Initially we apply the sum rules to the complete set of one-loop contributions. Aided by the 
Ward-Takahashi identities we demonstrate that the full set of diagrams can be subdivided into 
smaller gauge-invariant subsets, and the sum rules may be separately applied to each subset. One 
such subset is comprised of diagrams which include a two-point-function correction for an external 
scalar-polarized massive gauge boson or a Goldstone boson; for the calculation of physical form 
factors these effects may be neglected. The wave-function renormalization factors for the final-state 
physical W bosons also drop out from our sum sum rules as a part of the overall normalization factor. 
A third subset includes propagator corrections for the neutral gauge bosons, vertex corrections for 
the VW + W~ and Vx ± W ZfL vertices (V = 7, Z) and the W- and Z-boson mass shifts. The diagrams 
that remain are corrections to the eeV vertices, the ee two-point-function corrections, corrections to 
the evW vertex and the neutrino propagator as well as box corrections; these diagrams form a fourth 
subset. 

We have argued that our sum rules are useful for testing higher-order perturbative calculations. As 
an illustration we have discussed the contributions of a doublet of MSSM scalar fermions to the one- 
loop form factors for e + e~ — > W + W~ helicity amplitudes. For this example we have demonstrated 
analytically that the sum rules are satisfied. We note that we have also been successful in verifying 
the sum rules numerically. The sum rules will be used extensively in our ongoing work|l(| where 
we complete the one-loop calculation [pUJ of e + e~ — > W + W~ helicity amplitudes in the MSSM and 



perform the related phenomenological studies. In Ref. |T6| we demonstrate how the BRS sum rules 
may be satisfied to the limit of floating-point precision. 
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A Gauge-boson two-point functions 

Here we present the scalar-fermion contributions to the gauge-boson propagator at one loop. In this 
paper we restrict the discussion to a single SU(2)l doublet of scalar fermions, (uL,d L ) T , and their 
right-handed singlet counterparts, ur, d R , with no left-right mixing. Complete and general results 



for the MSSM will be presented in Ref. [0. The propagator corrections are renormalized in the MS 



scheme. They can be decomposed asp7| 



rhlV) = (-<T + q -f) n#V) + q -f- nfV) . (A.i) 

Up to the contributions of tadpole diagrams we find the one-loop scalar-fermion contributions to the 
transverse gauge-boson propagators are given by 

AIT?V) = N c ^- 2 £ Q}B 5 (q 2 ,m 2 f ,m}), (A.2a) 

JlJr 

AIIJV) = N c ^Y,Qfi^-s 2 Q f )B 5 ( q 2 ,mj,m}) J (A.2b) 

JlJr 

AHfV) = N c ^J2(Tf-s 2 Q f ) 2 B 5 ( q *,m},m}), (A.2c) 

SlJr 

AnrV) = (A.2d) 

where f L = u L , d L , f R = u R , d R and]T7[ 

B 5 (q 2 , m 2 , m 2 2 ) = A{m\) + A(m 2 2 ) - AB 22 (q 2 , m 2 , m 2 ) . (A.3) 

It is sometimes convenient to express the transverse components of the Il-functions as 

W?{q 2 ) = e 2 IT?V), (A.4a) 

nj Z (g 2 ) = e^{nf(g 2 )-S 2 n^(g 2 )} , (A.4b) 

n| Z (g 2 ) = g 2 z {uf(q 2 )-2s 2 I^(q 2 ) + s^ Q (q 2 )} , (A.4c) 

n^V) = 9 2 ^{q 2 )- (A.4d) 

The propagator functions U®®, n 3< ^, II 33 and II 11 are then free of the coupling factors that appear 
in Eqns. (|A~2aD - ([AT2d| ). 



B Ward identities among the unphysical two-point func- 
tions 

Here we would like to show Eqn. ( |6.6|) . First, we express the tree-level amplitudes for e + e~ — > H^p W 7 ^" 



as 



M{e + e- -> W$Wg) = M{i) +M(Z) + M(t) , (B.l) 
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where Ai(V) represents a diagram with the s-channel exchange of a V-boson where V = 7, Z, and 
Ji4(t) denotes the t-channel neutrino-exchange diagram. (See Fig. f|.) Second, the amplitude for 
e + e~ — > WpX~ can be expressed as 



M{e + e~ -> W+ X ~) =M('y)+ M{Z) , 



:b.2) 



with A4(V) representing the diagram with the s-channel exchange of a l/-boson for V — 7, Z. (See 
Fig. |^.) Then the BRS identity of Eqn. (|1.8b ) implies 



M(e + e 



W^Ws 



iM{e + e~ -> W$x~) 

= M{i)+M{Z)+M{t)+i{M{ 1 )+M{Z)} = $ 



;b.s) 



at the tree level. 

At the one-loop level the and xW s propagator corrections contribute to the F^ s ' x ^ form 

factors for e + e~ — > Wp Wg amplitudes through the Feynman diagrams of Fig. O. We find 




Figure 11: Contributions to e + e~ — > WpWg amplitudes from corrections to the external lines for 
unphysical scalars. The arrows on the W- and Goldstone-boson lines indicate the flow of negative 
electric charge. 



M [Ws ' x] (e + e~ -> W$Wg 



= {M^) +M(Z) +M(t)} n^(m^) + +M(Z)}u^ s (m 2 w ) , (B.4) 

where (p 2 ) is the propagator function for the unphysical particles fa and fa {fa = Ws, x) which 

is defined by 



P 2 ~ £, m w 



where £m^/ is the common mass-squired of the fa scalars. Fig. [1^ shows the Feynman diagrams that 
include corrections to the external lines for unphysical scalars and contribute to the ifj^ s ' x ' form 
factors for the e + e~ — > WpX" amplitudes. We find 
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Figure 12: Contributions to e + e~ — > WpX~ amplitudes from corrections to the external lines for 
unphysical scalars. The arrows on the W- and Goldstone-boson lines indicate the flow of negative 
electric charge. 



M [Ws ' x] (e+e- -> W£ X ~) 

= {M(i) +M^)}n^ s (m 2 VK ) + {M( 7 )+M(Z) + M(t)}n^K) . (B.6) 

Therefore, 

= {M( 1 )+M(Z)+M(t)} {uj^(m 2 w ) +mj™(m 2 w )} 

+ {M^+MiZ)} {u^ s (m 2 w ) +m^ s (m^)} 

= {A* (7) + M (Z) + A* (t) } {n^ s (m 2 w ) + illgfc (m 2 ,) + ,H*^ (m 2 w ) - Iif Ws (m 2 w ) } , 

(B.7) 

where we have used the tree-level identity in Eqn. ( |B.3|) . The right-hand side of Eqn. ( |B.7|) is 
identically zero by the following Ward identity for the unphysical two-point functions ||13||: 

Tl WsWs (q 2 )+iTl WsX (q 2 )+iTl xWs (q 2 )-Tl xx (q 2 ) = 0. (B.8) 
Finally, by expanding the left-hand side of Eqn. ( |B.7| ) in the Sj tensors we obtain Eqn. 



C One-loop vertex corrections 

The propagator corrections from scalar-fermion loops were presented in Appendix |A[ In this section 
we will present the vertex corrections from the scalar fermions (uL,dL) T , ur and d,R. Complete and 
general results for the MSSM will be presented in Ref. fl6H . 

C.l WW 7 and WW Z vertex corrections 

We begin by assigning masses and momenta as in Fig. [13. Note that in the definition of the tensors 
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,sw\r< " nil y HI2 



Figure 13: Mass and momentum assignments for the calculation of the scalar-fermion triangle-type 
(SFT) loop corrections to WW^j and WW Z vertices. All momenta are incoming. The arrows along 
the 1^-boson lines indicate the flow of negative electric charge. 

rp[iap Q £ gq ns ( |2,6a| )- (|2.6p|) we used the outgoing VT-boson momenta p and p. See Fig. |l|. In order 
to be consistent with the notation of the Fortran package FF|[21j| and that of Ref. |T7[ we evaluate 
our loop integrals using the incoming momenta p\ = —p and P2 = —p. 

If we neglect the coupling factors and employ arbitrary masses mi, m 2 and 777,3, then the calculation 
of the graph in Fig. [13L yields the following tensor structure 



T SFT(PuP2,rnl,rnl,ml) = Y^Cf F (p 1 ,p 2 ,m 2 1 ,ml,m 3 i )T> ia/3 , (C.l) 

i 

where the nonzero Cf F are given by 

Cf( Pl ,p 2 ,m 2 ,m 2 ,m 2 3 ) = 4(C 36 - C 35 ) , (G.2a) 

Cl F (p 1 ,p 2 ,mlmlml) = 4,m 2 w (C 33 - C 34 + C 23 - C 22 ) , (C.2b) 

Cf{ Pl ,p 2 ,m 2 ,m 2 2 ,ml) = 4(C 35 - C 36 + C 24 ) , (C.2c) 

C^ipup^mimlmj) = 4(2C 36 - 2C 35 - C 24 ) , (C.2d) 
Cf F {p 1 ,p 2 ,m 2 ,m 2 ,m 2 3 ) = 2m 2 w (AC 33 - 2C 3A - 2C 3l + 5C 23 

-2C 22 -3C 21 + C 12 -Cn), (C.2e) 

CH(p uP2 ,mimiml) = -Cf F , (C.2f) 

Cf F ( Pl ,p 2 ,ml,ml,m 2 3 ) = 2m 2 w (AC u - 2C 33 - 2C 32 + C 22 - C 23 ) , (C.2g) 
Ci S 6 F (p!,P2, m?, m 2 2 , mj) = m 2 w {-\2C 3A + 12C 33 + 4C 32 - AC 3l 

+ IQC 23 - 8C 22 - 8C 21 + 3C 12 - 3C n ) . (C.2h) 

Only the the nonvanishing Cf F -functions are listed. The various C-functions on the right-hand side, 
which are discussed in Appendix [E], are assigned the same arguments as the functions on the left-hand 
side. The next step is to provide the correct couplings and masses and then sum over all triangle 
graphs. For the WWj vertex we find, 



fi 



7 (1) sft _ N c g 



2 



2 167T 2 



QuCf (pi , p 2 , m\ h , m\ h , ml L ) - Q^Cf F (pi , p 2 , m\ , m\ h , m| £ ) 



(C.3) 
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while the result for the WW Z vertex is 



Z(l) SFT 



2 16tt 2 



(Ti L - s A Qu)Cf ( Pl ,p 2 , mi L , mj L , m^J 
" (Tl - fQ,)Cf{ Pl ^ml,ml Ll ml) 



(C.4) 



The superscript 'SFT' indicates the scalar-fermion triangle-type correction. The SFT form factors 
of Eqn. ( |C3| ) and the form factors of Eqn. flU.4j ) are nonvanishing whenever the correspond- 

ing Cf F functions of Eqns. ( |C.2a|) - (|C.2h|) are nonvanishing. 

The other type of vertex loop correction includes one scalar-fermion seagull-type (SFSG) vertex. 



See Fig. 14. These Feynman diagrams are explicitly proportional to the momentum of the W boson 



(a) 



Pi 



- -^W\>'\/V W a 

m 2 v k^Ami 

^P2~ 



(b) 



Pi 



m 2 v k^f m i 



^P2~ 



P 



Figure 14: Corrections to WW^ and WWZ vertices involving one scalar-fermion seagull (SFSG) 
vertex. These graphs contribute only for unphysical polarizations of the W bosons. The arrows 
along the W-boson lines indicate the flow of negative electric charge. 

attached to the three-point vertex in the loop, and hence they contribute only when the same W- 
boson has an unphysical scalar polarization. An explicit calculation yields 



f 7(l)SFSG 
JlO 



2 167T 2 

7 (1) SFSG 



{Qu + Qz) [2£i + Bq\ (m 2 w , m\ , m\ R ) 



f 7(l)SFSG f 
J 13 ~ JlO 

for the WW'y vertex. For the WWZ vertex we find 



f Z(l)SFSG 
JlO 



2 16tt 2 



(Qa + Qi) 2B i + Bo (m 2 w , mj L ,mj R ) 



f Z(l)SFSG 

J 13 — J 10 



,..2(1) SFSG 

— Jl 



Only the nonvanishing form factors are shown. 



(C.5a) 
(C.5b) 

(C.6a) 
(C.6b) 



C.2 W ± x T l' and W ± y t Z vertex corrections 



We begin by assigning masses and momenta as in Fig. 15. Neglecting coupling factors and computing 
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(a) 
V, 



Pi 



v/WV< 



mi ym 2 



a 



m 3 v ^-- 



X 



P2 



(b) 
V 



Pi 



>aaa« ' nil yni2 



X 



Figure 15: Mass and momentum assignments for the calculation of the scalar-fermion triangle-type 
(SFT) one-loop contributions to W ± x T 1 and W^y^Z vertices. All momenta are incoming. The 
arrows along the W- and Goldstone-boson lines indicate the flow of negative electric charge. 



the loops yields the following tensor structures: 

SsFT(Pi,P2,ml,m 2 2 ,ml) = ^ cf(pi,p 2 , m 2 , mf, m\)S, 



fMCt 



/ 2 2 2\ V s -SF/ 2 2 2\T7/ J 

SsFT(PuP2,m 1 ,m 2 ,m 3 ) = 2^ c i {PiiP2,m 1 ,m 2 ,m 3 )S i 



2NT7M/3 



corresponding to Fig. |T3|(a) and Fig. |T3|(b) respectively. The c SF functions are given by 

AC 2i /m w , 
2m w {C 22 ~ C 23 ) , 
0, 

m\y(2C 2 \ — 2C 22 + C\\ — C 



SF/ 2 2 2\ 

Cj {p 1 ,p 2 ,m l ,m 2 ,m 3 ) 
(p l ,p 2 ,m 2 1 ,ml,m 2 3 ) 



„SF 



C3 F (Pi>P2,mi,m2,m3 



SF/ 2 2 2\ 

c 4 (p 1 ,p 2 ,m 1 ,m 2 ,m 3 ) 
and the c SF functions are 



12; 



^ F (Pi,P2,m?,mi{,mg) 

o p , 9 9 9 \ 

c 2 (pi,p 2 ,m 1 ,m 2 ,m 3 ) 

-SF/ 2 2 2\ 

c 3 (pi, P2, m^rri^ m 3 ) 

o p , 9 9 9 \ 

c 4 (p 1 ,p 2 ,m 1 ,m 2 ,m 3 ) 



12 



4C 24 /m W , 

2m w (C 21 -C 23 + C u -C; 
0, 

m w (2C 21 - 2C 22 + 3Cn - 3Ci 2 ) 



(C.7a) 
(C.7b) 



(C.8a) 
(C.8b) 
(C.8c) 
(C.8d) 



(C.9a) 
(C.9b) 
(C.9c) 
(C.9d) 



In both cases the C-functions on the right-hand side have the same arguments as the functions on 
the left-hand side. It can be shown that 



SF/ 2 2 2\ — SF/ 2 2 2\ 

c- {pi,p 2 ,m 1 ,m 2 ,m 3 ) = c { (p 1 ,p 2 ,m 1 ,m 2 ,m 3 ) 
Upon incorporating the correct masses and coupling factors we obtain 



(CIO) 



■7-7(1) SFT 



N c g 



2 Tn~, r — m 2 ; 



2 16tt 2 



m w 



Qucf (pi ,p 2 ,ml T , m\ L ,ml T ) 
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+ Qd c f (Pi , P2 , ™q L , m\ L , m\ ) 



-Z(1)SFT 



N c g\ ml L -ml h 



2 16tt 2 



m w 



{T'L ~ s 2 Qu)cf{p 1 ,p 2 , mi mj , mi) 



2_ 



and 



, 7 (1)SFT 
yZ (1) SFT 



— h, 
— ~h 



'(l)SFT 
Z (1) SFT 



(C.lla) 
,(C.llb) 

(C.12a) 
(C.12b) 



The Yukawa coupling introduces a factor of mass-dimension one while the cf F and cf F functions 
introduce one inverse power of mass. Hence, the hJ^ SFT and f l J^ SFT \ OQ p functions, V = 7, Z, 
are dimensionless, as expected. 

There are also contributions from the loop diagrams that include a seagull vertex. See Fig. [16] for 
the mass and momentum assignments. By explicit calculation we find the nonzero contributions are 



(a) pi (b) p! 



vwwww^w \Vrv < — n - -► — Y 

m 2 v k^Ami m 2 v k^Anii 

~~ — - - ^ '\/\/\/\/\>\/\A/\/^'\/V VV |3 

< P2 ^p7 



Figure 16: One-loop diagrams that contain a scalar-fermion seagull (SFSG) vertex and contribute 
to W ± x T l and W ± x T Z vertices. The arrows along the W- and Goldstone-boson lines indicate the 
flow of negative electric charge. 



-rrWSFSG JV C g "»u t Ui d L(r , . ~ x D , 2 2 2 n / niQ \ 

^ = ~VT7^ ^2 -(ft + %) B oK,mj mjj, (C.13a) 

Z 1071 'ivy/ 

vz^sfsg iVc g|g 2 m L ~ m I L rn ,n^R^ 2 ™ 2 ™ 2 ^ rri^M 

Z 1D7T TTl^y 

^ (1)SFSG = -7^ (1)SFSG , (C.14a) 

/>f (1)SFSG = -7lf (1)SFSG . (C.14b) 
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D BRS sum rules at one loop 

The contributions of the vertex corrections to the BRS sum rules involve complicated algebra. Many 
of the details are given in this appendix. We begin with some identities involving the three-point 
tensor integrals. Starting from Eqn. ([E.12 ) of Appendix [E] we specialize to the case mi = m 3 , 
P\ = p\ = m w an -d (Pi + P2) 2 = s. We find 



C35 — C*36 + C24 

1 



4m 



R (12) d(13) 
n 22 n 22 



2C*35 — 2C*36 + C24 
1 



4m 



+ 2(m\ - mf - m 2 w )C 2i (pi,P2, mj, ml, m\) 
(p 1 ,p 2 ,m 2 1 ,m 2 2 ,m 2 1 ) = 

+ (Am\ - 4ml ~ s)C 2i {p l ,p 2 ,m 2 1 ,m 2 2 ,m 2 ) 



R (12) r (13) 
D 22 D 22 



(D.la) 



(D.lb) 



where the shorthand notation for the B functions is also given in Appendix [E]. Using these identities 
and Eqns. ( ggg )-( g^ ) we find 



16 



^ZinCf{puP2,ml,ml,ml) = 2^Cf (p x ,p 2 , m?, rr%, ml) + Cf^ipuPi, m?, ml, ml) (D.2a) 



(b& 2) - Bg 3) + (ml - m 2 )C 24 (p u p 2 ,ml,ml,ml)\ . (D.2b) 



Incorporating Eqns. ( U.3 ) and ( C.lla ) leads to 



16 



7(1)SFT 



(l)SFT 



i=l 



N c g 2 4 
2 IQtt 2 m^y 



Qu[B 22 {m 2 W} ml L ,ml L ) - B 22 (s,m\ L ,m\ L ) 



Q d B 22 {m 2 w ,ml,m, L 



B 22 (s,ml,mi: 



(D.3) 



while from Eqns. ( |U.4| ) and ( |(J.llb| ) we obtain 

16 _ 

1=1 



C f Z(l)SFT t"Z(1)SFT 



2 16-7T 2 m- 



( T t - s 2 Qu) [B 22 (m 2 w , ml L ,m 2 dL ) - B 22 (s, m\ h ,m 



2 ) 



- ( T 4 - « 2 Qj) [B 22 (m 2 w , m\ L ,m\ L ) - £ 22 (s, m^, m| £ 

The C functions have completely canceled, and the result depends only on B functions. 
Another useful identity among loop-integral functions is 



(D.4) 



m 



w 



2B 1 + B (m 2 w , ml, ml) = A(m\) - A(m 2 2 ) - (m\ - m 2 2 )B§(m 2 w , m\, m 2 2 ) 



(D.5) 
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Using this we can show 

16 



16 a T ^2^2 1 



where /7o < " 1 '' SFSG an d J-j^W SFSG are the only f^W SFSG f orm factors to make nonzero contributions. 
Combining the two types of graphs we write 

^bsVTX] N c g 2 Q e e 2 



- QuB B (s,ml L ,ml L ) + Qj5 5 (s,mf £ ,m|j} , (D.7a) 
[z,vtx] iV c £ 2 (T* - s 2 Q e )g 2 z f 

- (2* - ^Ss^mS^mSj + (T| l - S 2 g d -)5 5 (a, m*, mfj } , (D.7b) 



where the B§ function is defined in Eqn. ( |A.3[ ). The next step is to insert factors of 2Tf = 1 and 
— 2Tj = 1 in appropriate places, and then we can immediately recognize the two-point functions in 
the basis of current eigenstates as given in Eqn. ( |A.4a|) -( |A.4d|) . Using the Ux functions of Appendix [S] 
we find 



s m 



w 



= 9^[^ n ww {m 2 )+nV{s) + c z \ ( D .8a 
smfy I s J 



s — m 2 ^ /c 2 m 
(T e 3 - g 2 Q e )^ 2 
(s - m^/c 2 )??! 2 ^ 



n-T W (™ 2 w ) + n| z ( s ) + ~nf . (D.sb) 



The contributions of all the vertex corrections to the BRS sum rules are now expressed entirely in 
terms of the gauge-boson propagator corrections. 



E The decomposition of C fiup , a rank-three three-point ten- 
sor integral 

For our loop integrals we follow the notation of |17|, [21]. While the tensor reduction of the three-point 
integrals (C-functions) through rank two is presented in Appendix D of Ref. |17| , it is necessary to 
present here the reduction of the rank-three C-function. In order to make this appendix reasonably 
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self-contained, we also give a brief review of the lower C-functions and the two-point integrals (B- 
functions) . 

Our measure in D = 4 — 2e dimensions, defined as 



d D k = T(l-e){n^ 2 yd D k , (E.l) 

is the MS regularization[|i9|| . Propagator factors are defined as 

JVi = k 2 - m\ + ie , (E.2a) 

N 2 = (k + Pl ) 2 -m 2 2 + ie , (E.2b) 

N 3 = (k + pi +p 2 f -ml + ie , (E.2c) 

and it is convenient to introduce the following short-hand notation: 

h = rnl-ml-pl, (E.3a) 

f 2 = m 2_ m 2_ (pi+pa)2+p 2_ (K3b) 

The B-f unctions are given by 

{B , Bnipum^m,) = [ *L* {1,W,W} (R4) 

J tTT z JM1JM2 

with the decompositions 

B tM (p 1 ,m 1 ,m 2 ) = p^B 1 (p 1 ,m 1 ,m 2 ) , (E.5a) 

B^(p 1 ,m 1 ,m 2 ) = g^ u B 22 (pi,nii,m 2 ) +p^p\B 21 (pi,m 1 ,m 2 ) . (E.5b) 

The integrals B 22 , B 2 i and Bi may be reexpressed in terms of the B function and the one-point 
integral, A\ll, 17 . Before proceeding it is convenient to introduce some short-hand notation that 
will be useful in the reductions of the C-functions. 

B^ = B n = B n ( Pl , mi, m 2 ) , (E.6a) 

B^ = B n ( Pl +p 2 ,m u m 3 ) , (E.6b) 

B^ = B n (p 2 ,m 2 ,m 3 ) . (E.6c) 

where B n = B 22l B 21 , B 1 or B . 
We introduce our C-functions by 

{Co, C\ C-, C^}( Pl ,p 2 , mi ,m 2 , m3 ) = f ^ ^^^^ , (E-7) 
and the tensor integrals may be expanded as 



C fM (p 1 ,p 2 ,m 1 ,m 2 ,m 3 ) = p^ C u + p£ C 12 , (E.8a) 
C^(p uP2 ,m u m 2 ,m 3 ) = p^p\C 2X + f 2 p v 2 C 22 + [f lV \ + pMC 23 + <TC 24 , (E.8b) 
C" /p (p 1 ,p 2 , mi, m 2 , m 3 ) = rfPiP?C 31 + p^p^C^ 

+ (PlPlP2 + P1P2P1 + P2PlPl)C 3 3 + (P2P2P1 + P2P1P2 + PlP2P2)C 3 A 

+ + 2 MP K + 9 VP PT)C 3 , + (g^ P p 2 + g w p v 2 + gr p rt)C x . (E.8c) 
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It is convenient to introduce the following 2x2 matrix: 



X = L 2Pl 2V l 7 2 (E.9) 



Then the reduction of the C\ n functions is accomplished by 



For the C 2n functions, 



^J- x U i2) -Br+/ 2 coJ • (K10) 



C 24 = i + ^f ) + im^ -^(/ 1 C 11 + / 2 C 12 ), (E.lla) 

<*J = x Ur-^+z^ J ' (Kllb) 

^ X- 1 f ^ 13) ~ B \ 3) + fl ° 12 )■ (E.Hc) 



V ^2 ^ V - B[ 13) + f 2 C 12 - 2C 24 

Finally, for the C*3 n functions, 

/ /"» \ / d(^3) 75(23) < f /~l \ 

/ tv35 \ / -D22 ~~ -°22 + Jl^24 



Vc 36 ; - A '~ i Bg>) _ B (f + h c 2 J • (E12a) 
U33J = Us 2 > + J ' (E ' 12b) 

(^) = X-'f^'-^V/^ 2 ,„ ) , (E.12c) 

V °32 J \ - B 21 + /2C22 - 4C 3 6 / 

f c 3 ) = X " f SS3) + S» + /fr ~ 2 ?r ) ■ (K12d) 

V ° 34 / V - ^21 + /2<^23 - 2C 35 / 

It is also possible to solve for C35 and C36 via 

C35 = -J " + ^m?Cn - i(/i(7 21 + / 2 C 23 ) , (E.13a) 

9 6 3 6 

C S6 = ~^ + \Bf ] + \m\C l2 - l -{hC 2 , + f 2 C 22 ) . (E.13b) 
18 6 3 6 

These reductions can sometimes be numerically unstable, especially when the matrix of Eqn. ( E.9|) 
becomes singular. Using the equations above we are able to calculate C33, C34, C35 and C36 in two 
different ways. The redundancy provides a useful check of numerical reliability. 
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